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Charge densities that change linearly with time are effectively electrostatic
Edward Parker∗
Department of Physics, University of California, Santa Barbara, CA 93106
We consider classical electromagnetic systems in which the current density J does not change
with time, but has nonzero divergence, so that electric charge does build up steadily over time.
We show that for such a system, the exact electromagnetic fields are given by the Coulomb and
Biot-Savart laws with the sources evaluated at the present (rather than retarded) time, even though
the charge density is changing over time.
In classical electromagnetism, a system consisting of
an electric charge density ρ(x, t) and an electric current
density J(x, t) is usually defined to be “electrostatic”
or “magnetostatic” if the charge distribution ρ(x, t) ≡
ρ(x) or the current density J(x, t) ≡ J(x), respectively,
does not change over time. Static situations are studied
extensively in courses on electromagnetism, because they
are very simple: the electromagnetic fields produced by
localized static sources are themselves static (assuming
that they fall off to zero at spatial infinity), so we can
ignore the effects of electromagnetic induction and the
displacement current. More abstractly, we can ignore
the relativistic retardation effects from the finite speed
of light, which is the ultimate origin of both effects, and
simply use the Coulomb and Biot-Savart laws to calculate
the electromagnetic fields from static sources.
More precisely, an electromagnetic system is defined to
be “electrostatic” if
∂ρ
∂t
≡ 0, (1)
so no charge is being depleted or building up anywhere,
and “magnetostatic” if (1) holds and
∂J
∂t
≡ 0 (2)
as well [1]. The continuity equation
∇ · J +
∂ρ
∂t
= 0, (3)
which reflects charge conservation, and (1) then imply
that
∇ · J ≡ 0. (4)
Consider a situation in which the current does not vary
with time, so (2) holds, but it can terminate in sources
or sinks and lead to charge buildup, so (1) and (4) do
not hold. Such a situation (which is neither electrostatic
nor magnetostatic as defined above) could provide an ex-
tremely crude model for a discharging battery. In this
case, differentiating the continuity equation (3) with re-
spect to time gives ∂2ρ/∂t2 = 0, so
ρ(x, t) ≡ ρ0(x)− (∇ · J(x))t, (5)
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and charge builds up linearly over time from some initial
distribution ρ0(x). (Of course, such a situation could not
realistically be maintained for long, as charge differences
would eventually grow arbitrarily large.)
The exact electromagnetic fields as a function of time
are given in terms of the sources by Jefimenko’s equations
[1] (in CGS units with c = 1)
E(x, t) =
∫
d3x′
[
ρ(x′, tr)
r2
rˆ +
1
r
∂ρ
∂t
∣∣∣∣
(x′,tr)
rˆ −
1
r
∂J
∂t
∣∣∣∣
(x′,tr)
]
B(x, t) =
∫
d3x′
[(
J(x′, tr)
r2
+
1
r
∂J
∂t
∣∣∣∣
(x′,tr)
)
× rˆ
]
,
where r := x − x′ and the retarded time tr := t − r.
The time-variation of the sources leads to radiation fields
that only fall off as 1/|x|. In our case, we can use (2) to
simplify these expressions to
E(x, t) =
∫
d3x′
[(
ρ(x′, tr)
r2
+
1
r
∂ρ
∂t
∣∣∣∣
(x′,tr)
)
rˆ
]
(6)
B(x, t) =
∫
d3x′
[
J(x′)
r2
× rˆ
]
.
All retardation effects drop out of the formula for B,
which is given exactly by the Biot-Savart law. This is
not surprising, because the magnetic field is generated en-
tirely by time-independent currents, so retardation can-
not matter.
But more surprisingly, plugging (5) into (6) gives
E(x, t) =
∫
d3x′
[(
ρ0(x
′)− (∇′ · J(x′))(t− r)
r2
−
∇
′ · J(x′)
r
)
rˆ
]
=
∫
d3x′
[
ρ0(x
′)− (∇′ · J(x′))t
r2
rˆ
]
=
∫
d3x′
[
ρ(x′, t)
r2
rˆ
]
,
where ∇′· means the divergence with respect to the x′
coordinates. Again, all retardation effects drop out, and
the exact electric field is given by Coulomb’s law with
the charge density evaluated at the present time, not
the retarded time – even though the charge density is
2changing over time! In particular, there are no 1/|x| ra-
diation fields. A very similar cancellation occurs for a
point charge moving with uniform velocity: the electric
field lines point back at the particle’s present position,
not its retarded position. But our situation is even sim-
pler, because we do not need to modify Coulomb’s law
at all in order to account for relativistic effects.
[1] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,
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